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Abstract
In this paper we characterize the class of uniform Eberlein compact spaces through a network condition and also in terms of
covering properties for the square of the space.
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1. Introduction
In this work we follow the study made in our previous paper [9], in which we characterized the classes of Gul’ko
and Talagrand compact spaces through a network condition, leading us to answer two questions posed by G. Gru-
enhage on covering properties. Now we are interested in the same kind of questions but in case of uniform Eberlein
compact spaces.
Definition 1. A compact space K is called Eberlein (respectively uniform Eberlein) compact if it is homeomorphic to
a weakly compact subset of a Banach (respectively Hilbert) space.
The notion of network was introduced originally by A.V. Arkhangel’skii [2] in 1959 and it has been used in the
context of generalized metric spaces [10].
Definition 2. A family N of a topological space (X, τ) is said to be a network for the topology if for every open set
U ⊂ X and any point x ∈ U there is N ∈N such that x ∈ N ⊂ U .
Before introducing the kind of network which we are interested with, we need to recall some definitions and
properties on coverings.
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Moreover, let A be a family of subsets of X and x ∈ X. We shall denote
ord(x,A) = #{A ∈A: x ∈ A}.
Definition 3. We say that the family A of subsets of a set X is:
(i) Boundedly point finite (respectively point finite, point countable) if for every x ∈ X we have ord(x,A) < n, for
some n ∈N (respectively ord(x,A) < ω, ord(x,A) ω).
(ii) σ -Boundedly point finite (respectively σ -point finite) if A =⋃n∈NAn such that each family An is boundedly
point finite (respectively point finite).
The covering properties associated with the previous notions are the following.
Definition 4. A topological space (X, τ) is σ -boundedly metacompact (respectively σ -metacompact, metalindelöf) if
every open cover of X has a σ -boundedly point finite (respectively σ -point finite, point countable) open refinement.
Remark 1. We have the following chain:
paracompact ⇒ σ -boundedly metacompact ⇒ σ -metacompact
and the arrows cannot be reversed.
Proof. For the implications there is nothing to prove. Let us check that neither implication can be reversed. We shall
denote by Δ the diagonal of X2, i.e. Δ = {(x, x) ∈ X2: x ∈ X}.
(i) Let us consider the unit ball Bl2(Γ ) of the Hilbert space l2(Γ ), where Γ is uncountable. Then X =
(Bl2(Γ ), weak) is uniform Eberlein compact but it is not metrizable. The Main theorem below shows that X2 \ Δ
is σ -boundedly metacompact, but [11, Theorem 2.6] shows that X2 \ Δ is not paracompact.
(ii) Now let us consider the unit ball Y = (BX∗ , weak) given in [14] that is Eberlein compact but it is not uniform
Eberlein compact. By the same arguments used in the precedent paragraph, applying in this case Theorem 1 and the
Main theorem again, we obtain that Y 2 \ Δ is σ -metacompact but it is not σ -boundedly metacompact. 
We now define some expandability conditions which are useful in connection with the covering properties appear-
ing in the definition above.
Definition 5. A family A of subsets of a topological space X is said to be:
(i) Boundedly point finitely expandable if there exists n ∈ N and a family of open sets G = {GA; A ∈A} such that
A ⊂ GA for every A ∈A, and for every x ∈ X;
#{A ∈A; x ∈ GA} < n.
If we change the integer n by ω in the previous inequality, we shall say that the family A is point finitely expand-
able.
(ii) σ -Boundedly point finitely (respectively σ -point finitely) expandable ifA=⋃n∈NAn, where each subfamilyAn
is boundedly point finitely (respectively point finitely) expandable.
The main goal of this paper is to prove the following result.
Main theorem. The following are equivalent for a compact Hausdorff space K :
(i) K is uniform Eberlein compact;
(ii) K2 \ Δ is σ -boundedly metacompact;
(iii) K2 is hereditarily σ -boundedly metacompact;
(iv) K admits a σ -boundedly point finitely expandable network.
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G. Gruenhage obtained in [11] the following result on covering properties for Corson and Eberlein compact spaces.
Theorem 1. (Gruenhage [11]) The following are equivalent for a compact Hausdorff space K :
(i) K is Corson (respectively Eberlein) compact;
(ii) K2 \ Δ is metalindelöf (respectively σ -metacompact);
(iii) K2 is hereditarily metalindelöf (respectively σ -metacompact).
Let us recall that a -product of real lines is a set of the form

(
R
Γ
) := {x ∈ RΓ ; #{γ ∈ Γ ; x(γ ) = 0} ω}
for some Γ = φ. A compact space K lying in some -product of real lines is called Corson compact space.
Dow, Junnila and Pelant obtained in [5] a network characterization for the class of Eberlein compact spaces. In
their proof they used Theorem 1. We find this characterization in the following.
Theorem 2. (Dow–Junnila–Pelant [5]) The following are equivalent for a compact Hausdorff space K :
(i) K is Eberlein compact;
(ii) K admits a σ -point finitely expandable network.
As a consequence of Theorem 1, if a compact space K admits a point countably expandable network, then it is
Corson compact. But we do not know if the reverse is true, in fact Dow, Junnila and Pelant posed in [5] the following.
Problem 1. Find a network characterization for the class of Corson compact spaces.
Before finishing this section, we note that in the development of our study, we shall use some well-known results
on Eberlein and uniform Eberlein compacta. Before mentioning them, let us recall that the space c0(Γ ), for a set
Γ = φ, is defined by
c0(Γ ) :=
{
x ∈ RΓ ; #{γ ∈ Γ ; ∣∣x(γ )∣∣> 
}< ω, ∀
 > 0}.
Moreover, we denote by τp the pointwise convergence topology in c0(Γ ).
Theorem 3. (Amir–Lindenstrauss [1]) A compact space K is Eberlein compact if, and only if, K is homeomorphic to
a subset of (c0(Γ ), τp) for some Γ = φ.
Theorem 4. (Benyamini–Starbird [4] also [7]) A compact space K is uniformly Eberlein compact if, and only if, K is
homeomorphic to a subset K ′ ⊂ (c0(Γ ), τp) with the property that for every 
 > 0 there exists N(
) ∈ N such that,
for every x ∈ K ′,
#
{
γ ∈ Γ ; ∣∣x(γ )∣∣> 
}< N(
).
Definition 6. A collection A of subsets of a set X is called T0-separating if whenever x, y ∈ X, then some A ∈ A
contains exactly one of x and y.
Let us recall that a subset of a topological space is called Fσ , if it is a countable union of closed sets.
Theorem 5. (Benyamini–Rudin–Wage [3]) A compact space K is uniformly Eberlein compact if, and only if, K has
a σ -boundedly point finite T0-separating cover by open Fσ sets.
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The following result has been proved originally in [5] and later also in [9] using ideas of [13]; as we shall use some
details of its proof in [9], it is necessary to give a sketch from it.
Theorem 6. The topological space (c0(Γ ), τp) has a σ -point finitely expandable network.
Proof. Let us fix I = {In; n = 1,2, . . .} a countable base for the topology of R \ {0} formed with bounded open
intervals such that for each n there is an ε > 0 such that either In ⊂ (−∞,−ε) or In ⊂ (ε,+∞). Let us fix an integer
n ∈ N and the first n elements from I; i.e. In := {I1, I2, . . . , In}. We shall consider maps ϕ :Λ → In where Λ ⊂ Γ ,
i.e. we choose “doors” from In for every element γ ∈ Λ, and we need only finite sets, i.e. #Λ < +∞, to describe the
topology τp . So let us consider, for fixed n ∈N,
Mn :=
{
(Λ,ϕ); Λ ⊂ Γ, #Λ n and ϕ :Λ → In
}
and define for (Λ,ϕ) ∈Mn the τp-open set
R(Λ,ϕ) := c0(Γ ) ∩
∏
γ∈Γ
Rγ where Rγ =
{
ϕ(γ ) if γ ∈ Λ,
R otherwise.
Moreover, for m ∈ N let us define
Rm(Λ,ϕ) := c0(Γ ) ∩
∏
γ∈Γ
Rγ where Rγ =
{
ϕ(γ ) if γ ∈ Λ,
(−1/m,1/m) otherwise
and we have
· · ·Rm+1(Λ,ϕ) ⊂ Rm(Λ,ϕ) ⊂ · · · ⊂ R(Λ,ϕ)
and the family
Rn :=
{
R(Λ,ϕ); (Λ,ϕ) ∈Mn
}
is formed by τp-open subsets of c0(Γ ) and it is a point finite family in c0(Γ ) for every fixed n ∈ N. We set for
m,n ∈N
Rm,n :=
{
Rm(Λ,ϕ); (Λ,ϕ) ∈Mn
}
and we have that
⋃∞
m,n=1Rm,n is a network in (c0(Γ ), τp) and each family Rm,n is expandable to the family Rn
which is formed by τp-open sets and it is a point finite family in c0(Γ ). 
Now we can prove:
Theorem 7. Every uniformly Eberlein compact space has a σ -boundedly point finitely expandable network.
Proof. Let K be a uniform Eberlein compact. As a consequence of Theorem 4, we can assume that K ⊂ c0(Γ ) and
given 
 > 0 there exists N(
) ∈N such that:
#
{
γ ∈ Γ ; ∣∣x(γ )∣∣> 
}< N(
), for every x ∈ K.
Let us consider the network N = ⋃∞m,n=1Rm,n for c0(Γ ) given in the above proof, with the extension Rn for
each Rm,n. We can restrict these families to K and they conserve their properties. We are going to check that N
is, in fact, a σ -boundedly point finitely expandable family for K . Fortunately, we can suppose that the family I in the
above proof can be decomposed as I =⋃k Ik , where each subfamily Ik is countable (maybe finite) and verifying the
following two properties for each k ∈N:
(a) If we choose I = (a, b) ∈ Ik then min{|a|, |b|} > 1
k
, and
(b) If we choose r ∈R \ {0} then it lies in at most two elements of Ik .
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maps ϕ :Λ → Ikn . With these maps, we consider the families
Mn,k :=
{
(Λ,ϕ); Λ ⊂ Γ, #Λ n and ϕ :Λ → Ikn
}
and
Rn,k :=
{
R(Λ,ϕ) ∩ K; (Λ,ϕ) ∈Mn,k
}
where the last family is formed by open sets of K and it is a point finite family in K for every n, k ∈ N. We define for
m,n, k ∈ N the family
Rm,n,k :=
{
Rm(Λ,ϕ) ∩ K; (Λ,ϕ) ∈Mn,k
}
and we obtain that N = ⋃m,n,kRm,n,k is a network for K , and each family Rm,n,k has the family Rn,k as open
expansion. Moreover if we fix k ∈ N, by Theorem 4, each element x ∈ K has fewer than N( 1
k
) coordinates γ for
which |x(γ )| > 1
k
. Hence, if we fix n ∈ N too, there are at most 2N( 1
k
) “doors” from Ikn for which values x(γ ) of
x could belong to them. As a consequence x belongs at most 22N(
1
k
) members of the family Rn,k and the proof is
over. 
In the next result we observe that this kind of network provides a desirable hereditary covering property.
Proposition 8. Let (X, τ) be a topological space with a σ -boundedly point finitely expandable network. Then X is
hereditarily σ -boundedly metacompact.
Theorem 7 and Proposition 8 have the following consequence:
Corollary 9. Every uniform Eberlein compact is hereditarily σ -boundedly metacompact.
3. Covering properties on X2 \Δ
A slight modification of [12, proof of Corollary 4.1] proves the result.
Proposition 10. Let (X, τ) be a σ -boundedly metacompact, locally Lindelöf regular space and let B a basis for (X, τ).
Then B contains a cover B′ such that the family {B; B ∈ B′} is a σ -boundedly point finite family in X.
Let us continue quoting a well-known combinatorial lemma (see [6]) due to P. Erdo˝s and R. Rado, that we shall
apply in the proof of the main result.
Definition 7. A family A of subsets of a set X is called Δ-system with root R ⊂ X, if each pair of distinct elements
A,B ∈A verifies A ∩ B = R.
Lemma 1 (Δ-system lemma). There exists a function g :N2 → N such that if A is a family of sets with #A g(n, k)
and #A n for every A ∈A, then A contains a Δ-system of size k.
Finally we are ready for the proof of our main result answering two questions previously discussed in [8]:
Theorem 11. The following are equivalent for a compact space X:
(i) X is uniform Eberlein compact;
(ii) X2 \ Δ is σ -boundedly metacompact;
(iii) X2 is hereditarily σ -boundedly metacompact;
(iv) X admits a σ -boundedly point finitely expandable network.
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(iv)⇒(iii) Because the property of having σ -boundedly point finitely expandable network is stable by finite prod-
ucts together with our Proposition 8.
(ii)⇒(i) It now follows the scheme of [11, Theorem 2.2] and [9, Theorem 9]. Indeed if X2 \ Δ is σ -boundedly
metacompact, then by Proposition 10 there is a cover
P = {Uγ × Vγ ; γ ∈ A}
of X2 \ Δ such that:
(a) Uγ and Vγ are open Fσ in X;
(b) Uγ ∩ Vγ = ∅, ∀γ ∈ A;
(c) {Uγ × Vγ ; γ ∈ A} is a σ -boundedly point finite family;
(d) U × V ∈P implies V × U ∈P .
Now if densX = μ and X = {pα; α < μ}, we set for each α < μ
Xα := {pβ; β < α}
and
Uα :=
{⋂
γ∈F
Uγ ; F ⊂ A and {Vγ ;γ ∈ F } is a finite minimal cover of Xα
}
should be a cover of X \ Xα too. Then the family ⋃{Uβ; β < μ} is T0-separating as in [11, Theorem 2.2, Claim 2].
And moreover
⋃{Uβ; β < μ} is a σ -boundedly point finite family in X. Indeed, by (c) we know A =⋃∞n=1 An and
each family{
Uγ × Vγ ; γ ∈
n⋃
i=1
Ai
}
is boundedly point finite with order kn.
For n ∈ N fixed, let Uα,n be all members of Uα whose corresponding index set F has cardinality less or equal than
n and is contained in
⋃n
i=1 Ai . Then
⋃{Uα,n: α < μ} is a boundedly point finite family in X. Indeed if this is not the
case, for every N ∈N there exists xN ∈ X such that #{W ∈⋃α<μ Uα,n; xN ∈ W }N
If we fix N ∈N, for every q N there exists a finite set F(q) ⊂⋃ni=1 Ai , with #F(q) n and an ordinal β(q) < μ
verifying
xN ∈
⋂
γ∈F(q)
Uγ ∈ Uβ(q).
Having in mind Lemma 1, let us fix N ∈ N verifying N  g(n, kn). Then it is possible to assume that {F(q); q =
1,2, . . . , kn} forms a Δ-system with root R maybe empty. In any case R = F(1) and there is yN ∈ Xβ(1) \⋃{V γ ;
γ ∈ R}. Then for each q there exists δ(q) ∈ F(q) \ R with yN ∈ V δ(q). But then we have
(xN, yN) ∈
⋂
{Uδ(q) × V δ(q); q = 1, . . . , kn}
and {δ(q); q = 1,2, . . . , kn} ⊂⋃ni=1 Ai which contradicts the fact that the family {Uγ ×Vγ ; γ ∈⋃ni=1 Ai} is bound-
edly point finite with order kn. Thus we see that
⋃{Uα; α < μ} can be written as⋃{{Uα,n; α < μ}; n ∈ N}
and we obtain that it is a σ -boundedly point finite family of open Fσ sets in X which is also T0-separating. To finish
the proof it is enough to apply Theorem 5 to conclude that X is a uniform Eberlein compact indeed. 
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